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Abstract. The magnetic ﬁeld in many regions of magne-
tosphere has a complex topological structure. As a param-
eter to measure the topological complexity, the concept of
magnetic helicity is a useful tool in magnetospheric physics.
Here we present a case study of magnetic helicity in the ﬂux
rope (FR) in the near-Earth plasma sheet (PS) based on the
in-situ observation from THEMIS for the ﬁrst time. With
the help of the Grad-Shafranov reconstruction technique, we
determine the spatial distribution of magnetic ﬁeld and eval-
uate the magnetic helicity in the ﬂux rope. The conserva-
tion of magnetic helicity during multiple X-line reconnec-
tions and the transport of magnetic helicity between different
magnetic ﬁeld conﬁgurations are also discussed. The fur-
ther application of helicity in magnetosphere will provide us
more knowledge about the topologic property of the mag-
netic ﬁelds there and more attention should be paid to that.
Keywords. Magnetospheric physics (Magnetospheric con-
ﬁguration and dynamics; Plasma sheet) – Space plasma
physics (Magnetic reconnection)
1 Introduction
Helicity integral (Moffatt, 1969) as a parameter to measure
the complexity of the topology of a curve has been used
to study the structures of vortex line, streamline and DNA
(Pohl, 1980). When applied to magnetic ﬁeld lines, it is
called the magnetic helicity and measures twist, braid, shear
or writhe of ﬁeld lines. Magnetic helicity over a volume V
is deﬁned as H =
R
V
A·BdV (Berger and Field, 1984), where
the magnetic ﬁeld is B =∇×A and A is the vector potential.
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It is gauge invariant when the boundary of V is a magnetic
surface (Bn|s =0 at the boundary S of volume V), but in re-
ality it is difﬁcult to establish the magnetic surface. To guar-
antee the gauge invariance, Finn and Antosen (1985) deﬁned
the relative helicity for an open region,
Hr =
Z
V
(A+A0)·(B−B0)dV, (1)
wherethereferencemagneticﬁeldB0(=∇×A0)mustsatisfy
the condition:
Bn|s = B0
n
 
s. (2)
The study of magnetic helicity has a history of half century
and has been broadly applied to magnetic ﬁelds in space: re-
mote sensing observation and simulation were performed for
the solar active region (Pevtsov et al., 2003), while modeling
and in-situ observations have been performed for magnetic
clouds in the interplanetary space (Dasso et al., 2003; Hu and
Dasgupta, 2005). Nevertheless the concept of magnetic he-
licity is less familiar in magnetosphere physics (Wright and
Berger, 1989; Song and Lysak, 1989).
Under the interaction with solar wind, the magnetic ﬁeld
of the Earth is distorted from a normal dipolar ﬁeld to form
the magnetosphere (Dungey, 1961). Magnetic ﬁeld lines in
magnetotail become ﬂattened, and especially those in the
plasma sheet lean to the equator and are sheared (Shen et al.,
2007, 2008). Additionally, due to magnetic reconnection, the
magnetic ﬁeld lines in the transition layers such as the mag-
netopause and the plasma sheet change their conﬁguration
sharply. Meso-small scale structures with a complex topol-
ogy such as plasmoids and magnetic ﬂux ropes are produced
there (Russel and Elphic, 1979; Slavin et al., 2003). Many
interesting magnetospheric processes (substorm, bursty bulk
ﬂows, etc.) arecloselyrelatedtotheconﬁgurationchangesof
magnetic ﬁeld. Probably not every ﬁeld line in the magneto-
sphere is smoothly connected between the Northern and the
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Southern Hemisphere. The magnetic ﬁeld lines with a com-
plicated topology in many key regions of the magnetosphere
servethehelicitystudy. However, thecomplexityofthemag-
netic ﬁeld lines in these regions has been less investigated so
far, and our works aim to apply the concept of magnetic he-
licity to the magnetosphere. Here we present a study of the
magnetic helicity in a ﬂux rope which is suited for the he-
licity study due to its twisted ﬁeld line geometry. This work
is based on the THEMIS-C spacecraft (THC) (Angelopoulos
et al., 2008) performing in-situ observation in the near-Earth
plasma sheet.
2 Method description
In a cylindrical magnetic ﬂux rope, helical ﬁelds twist around
its invariant axis ˆ z. By cutting the ﬂux rope with two planes
(distance between them is L along the axis) perpendicular
to the axis, one obtains a volume V composed of the side
surface of the ﬂux rope (Bn|side = 0) and two bottom sur-
faces (Bn|bottom = Bz|bottom). If the reference ﬁeld is chosen
as B0 = Bzˆ z, Eq. (2) is satisﬁed at two magnetically open
bottoms and the relative helicity in the volume V can be
calculated uniquely. To get the relative helicity, the spatial
distribution of the magnetic ﬁeld B and the reference vec-
tor potential A0 corresponding to B0 must be calculated. A
robust method to solve the distribution of B or Az (z compo-
nent of A) on the cross-sectional plane x-y perpendicular to
the axis ˆ z is the Grad-Shafranov (G-S) reconstruction tech-
nique. The GS reconstruction method (Hau and Sonnerup,
1999) is based on the following three assumptions: (1) The
object to be reconstructed should have approximately a 2.5-
dimension structure. (2) A frame must exist, in which the
object to be studied is approximately temporally stationary.
(3) In the frame, the inertial effect of the plasma can be ne-
glected. If the plasma velocity in the frame is much smaller
than the Alfv´ en speed, this assumption can be satisﬁed. The
detailed description of this method and widespread applica-
tions can be found in Hau and Sonnerup (1999), Sonnerup
et al. (2004), and Hasegawa et al. (2005). The most crucial
issue in GS method is the determination of the invariant axis
ˆ z which is clearly described by Hu and Sonnerup (2002). On
the assumption of two-dimensional (2-D) MHD, the distri-
bution of B or Az can be obtained by solving the following
G-S equation reduced from the momentum equation:
∂2Az
.
∂x2+∂2Az
.
∂y2 =−µ0d(P +PBz)

dAz, (3)
where P is the thermal pressure of plasma and PBz =
B2
z/2µ0 is the magnetic pressure for the Bz component along
the invariant-axis, as the total magnetic ﬁeld is represented
as B =∇×Azˆ z+Bz(A)ˆ z=[∂Az/∂y,−∂Az/∂x,Bz(A)]. As
B =∇ ×A and B0 =∇ ×A0 =Bzˆ z, the magnetic potential
can be expressed as A=Azˆ z+A0 and Eq. (1) reduces to
Hr =
Z
V
2(A0
xBx+A0
yBy)dV
=
Z
V
2(A0
x∂Az

∂y−A0
y∂Az

∂x)dV, (4)
and then the relative helicity of the ﬂux rope in unit axial
length Hr/L =
R
xy
2(A0
x∂Az

∂y−A0
y∂Az

∂x)dxdy can be
computed by integration over the cross-section. After getting
the distribution of Az from G-S reconstruction, it is crucial in
the magnetic helicity calculation how to get A0
x and A0
y. The
reference vector potential A0 is related to the reference ﬁeld
Bz by
∂A0
y
.
∂x−∂A0
x

∂y =Bz(x,y). (5)
Two ways which are addressed by Hu and Dasgupta (2005)
are utilized to get A0
x and A0
ywith our small improvement on
2-D ﬁt. The ﬁrst is simple and takes the 2-D polynomial ﬁt
to Bz spatial distribution, i.e., Bz(x,y)=
P
m,n
am,nxmyn. For
this case m=n=3 is the best choice from all kinds of the
combination of the exponents (m,n) between 1 and 10. We
take all Bz data in the 2-D polynomial ﬁt instead of only sev-
eral samples in Hu and Dasgupta (2005), so our 2-D polyno-
mial ﬁtting results are close to the true Bz spatial distribution
more. Once getting the coefﬁcients am,n, we construct the
polynomial expression of A0
x and A0
y through Eq. (5). The
second (ﬁrst addressed by Chae, 2001) is more rational and
can easily be implemented. When imposing the Coulomb
gauge to the reference vector potential, i.e.,
∂A0
x

∂x+∂A0
y
.
∂y =0, (6)
and performing the Fast Fourier Transform (FFT) to Eqs. (5)
and (6), one obtains A0
x = FT −1

ikyFT(Bz)
k2
x+k2
y

and A0
y =
FT −1

−ikxFT(Bz)
k2
x+k2
y

, where kx and ky are the wave numbers
and i =
√
−1.
3 THEMIS observation
On 5 February 2009 at 06:25UT, THC spacecraft was in an
elliptical equatorial orbit, with its apogee in the magnetotail
located at (−18.42, −4.257, −3.999)RE (RE: Earth radius)
in GSM coordinates. The FGM (Auster et al., 2008) and
ESA (McFadden et al., 2008) experiments on board THC re-
spectively provide high resolution magnetic ﬁeld data and
particle data in the interval surrounding this time. We use the
3-s resolution FGM and ESA data for HT analysis and 0.25-s
resolution FGM data for the reconstruction calculation. Fi-
gure 1 shows THC observations from 06:24 to 06:27UT in
GSM coordinates. From top to bottom, the following param-
eters are plotted: ion density (Ni) and electron density (Ne),
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Fig. 1. THEMIS observation from 06:24UT to 06:27UT on 5 February 2009.
ion temperature (Ti) and electron temperature (Te), plasma
thermal pressure (Pt), plasma beta (βi), ion bulk velocity
components (VXG, VYG, VZG) and bulk speed (VT), mag-
netic ﬁeld components (BXG, BYG, BZG) and total magnetic
intensity (BT), magnetic ﬁeld components (Bx, By, Bz) and
ion bulk velocity components (Vx, Vy, Vz) in the local ﬂux
rope coordinates (i.e. x-, y-, z-coordinates) . The implica-
tion of BXG <0 places THC in the Southern Hemisphere and
higher plasma beta values compared to the values in the lobe
indicate that THC is in the southern plasma sheet at this time.
Based on the BZG signature, two vertical solid lines mark the
boundary of the ﬂux rope that will be used in G-S analysis.
As can be seen in the ZG component of magnetic ﬁeld (bipo-
lar signal), at 06:25:09UT THC enters the ﬂux rope from
the plasma sheet. BZG decreases from 2.5nT to −4nT and
then increases to 7.1nT. The peak-to-peak value of BZG is
11.1nT. Associated with this BZG variation, there is a |BYG|
enhancement, increasing from 3nT to 10nT. Furthermore,
the BYG enhancement leads to a peak in total magnetic ﬁeld
intensity, which is 2.2 times greater than the adjacent plasma
sheet magnetic ﬁeld. All these observations conﬁrm the sig-
nals of ﬂux rope as Zong et al. (2004) described. THC exits
the ﬂux rope at 06:25:36UT and then BYG and BZG restore
their original values in the plasma sheet. Due to the small
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Fig. 2. (a) and (b) The result of deHoffman-Teller analysis. (c) Normalized magnetic pressure PBz versus normalized Az. (d) The recon-
struction results of the ﬂux rope on 5 February 2009.
gradient of plasma thermal pressure (∇P ≈0), the ﬂux rope
will be reconstructed under the condition that only the con-
tribution from the magnetic ﬁeld is considered.
4 Results and discussion
A relatively good constant deHoffman-Teller (HT) frame
velocity (138.51, −63.85, 47.34)km/s is found with the
correlation coefﬁcient between −(V HT×B) and −(V ×B)
about 0.973 (Fig. 2a). In this HT frame the electric ﬁeld
vanishes (E =−(V −V HT)×B ≈0) and the magnetic ﬁeld
is quasi-stationary (∂B

∂t = −∇ ×E ≈ 0). The remanent
velocity in the HT frame is almost negligible compared to the
Alfv´ en velocity (Fig. 2b). All analysis imply the application
of the G-S reconstruction technique to the magnetic ﬁeld in
this ﬂux rope is appropriate. The direction of the invariant
(ˆ z)-axis of the ﬂux rope, the most important parameter in the
reconstruction, is determined by searching for the direction
which satisﬁes the following criteria: when THC moves
inbound and outbound to the ﬂux rope, the magnetic pressure
PBz for the Bz component along the proper invariant-axis
should have the smallest difference for same Az value
(Hau and Sonnerup, 1999; Hu and Sonnerup, 2002), i.e.,

P
m
(Pm
Bz-inbound−Pm
Bz-outbound)2
1
2
,
|max(PBz)−min(PBz)|
has the minimum value. The most suitable invariant (ˆ z)-axis
in the case here is mainly located in the dawn-dusk direction
with the unit vector (0.386, 0.8976, −0.2126) in the GSM
coordinates. The corresponding ˆ x and ˆ y separately direct to
(−0.9195, 0.393, −0.1038) and (0.0742, 0.1995, 0.9771).
Figure 2c displays the plot of PBz variation versus Az
(respectively normalized to their maxima) corresponding
to the above invariant-axis. Red line in the ﬁgure is the ﬁt
lines from the polynomials and exponentials ﬁtting. In the
range 0.0–0.4 of Az, PBz is obviously different between the
inbound and the outbound orbits, which maybe reﬂects the
different interaction of the ﬂux rope at the leading edge and
the trailing edge with the ambient plasmas as the ﬂux rope
moves toward the Earth with a higher speed. At the leading
edge, the plasma ahead of the ﬂux rope will compress the
face of the ﬂux rope, so PBz has the higher value than at the
tail edge. At the trailing edge, the fast motion of the ﬂux
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Fig. 3. The distribution of the discrepancy between the recovered Bz and Bz from G-S technique in the x-y plane: (a) for the recovered Bz
from FFT, (b) for the recovered Bz from 2-D polynomial ﬁt.
rope in the plasma sheet maybe produces the low pressure
region behind the ﬂux rope. Due to the trend of the plasma
to the pressure equilibrium, PBz at the trailing part of the
ﬂux rope also has the lower value than at the leading part.
Figure 2d presents the reconstructed distribution of Az
and Bz in this case in the reconstruction coordinates (ˆ x, ˆ y
and ˆ z obtained above). The northern plasma sheet is at the
top of the ﬁgure and the Earth is to the left. The closed
black curves are the contour plots of the magnetic potential
Az in the cross-sectional x-y plane, which are just the mag-
netic ﬁeld lines projected onto the cross section. The ﬁlled
color inside the curves displays the distribution of the ﬁeld
component Bz along the principal axis. The Bz value for
the different color is deﬁned by the color bar at the right of
the ﬁgure. The plus sign at the center of the ﬁgure denotes
the strongest of the axial ﬁeld, which is Bz =−10.3nT. The
projection of the THC orbit on the cross section of the ﬂux
rope is the solid black line which also bears the arrows in-
dicating the direction of the measured magnetic ﬁelds. In
interpreting the G-S result, we must identify if other mecha-
nisms such as the localized (3-D) bursty reconnection given
guide ﬁeld produce the signal of BZG bipolar accompanied
by BYG enhancement in the original GSM coordinates (Shi-
rataka et al., 2006). Hasegawa et al. (2007) reconstructed
the synthetic data from a 3-D MHD reconnection simulation
and their results show the great difference from the case of
true ﬂux rope. There are considerable perpendicular velocity
components remnant in the HT frame and the resulted map is
obviously elongated at x-direction (see their Figs. 5 and 7).
But in Fig. 2b and d, the negligible velocity remnant in the
HT frame and the nearly round circles (except for the little
outward protuberance at the tail side) help us to differentiate
this ﬂux rope from 3-D reconnection. Aim of the paper is to
calculate the helicity in the ﬂux rope, so the detail discussion
about the structure of the ﬂux rope in general can be seen at
Shen et al. (2007) and Zhang et al. (2007).
Before calculating the helicity, we ﬁrst check the accu-
racy of the A0
x and A0
y by evaluating the standard deviation
σ =
rP
O
(Bz,recovered−Bz,GS)2/O (O is the number of all
Bz) between the recovered Bz with A0
x, A0
y and Bz from G-
S technique. We take the Bz from the G-S technique as the
base and then compute the spatial distribution of discrepancy
between the recovered Bz with A0
x and A0
y and the base (i.e.
|Bz,recovered−Bz,GS|/Bz,GS) in the x-y plane. Figure 3 shows
this distribution in percentage: panel (a) displays discrep-
ancy between Bz from FFT and the base with σ =0.09nT,
in which the maximum discrepancy is 1.2%; while the dis-
crepancy between Bz from 2-D polynomial ﬁt and the base
is much greater as shown in panel (b), in which the maxi-
mum discrepancy is 30% and σ =0.8nT. Obviously because
of the smaller σ and smaller discrepancy, the result from FFT
is more reliable.
Relative helicity integrals over the region enclosed
by dashed contour line (Bz = −5.0nT) in Fig. 2d give
Hr

L

 
FFT
=−0.386nT2 R3
E with A0
x and A0
y from FFT and
Hr

L
 

2D−ﬁt
= −0.421 nT2R3
E with A0
x and A0
y from 2-D
polynomial ﬁt, respectively. These values represent the ex-
tent to which the ﬁelds in the ﬂux rope twist, while the nega-
tive sign implies that the twist of the ﬁelds around the axis of
this ﬂux rope follows the left-hand sense. Due to less previ-
ous works about magnetic helicity in magnetosphere, our re-
sult is not so intuitional. Hu and Dasgupta (2005) calculated
the magnetic helicity density (Hr

V) in a magnetic cloud
with same method and Narita et al. (2009) evaluated that in
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the Earth’s foreshock region. The magnetic helicity density
inthiscaseis−7.72nT2 RE andisnotcomparabletotheirre-
sults quantitatively. Although comparison between these dif-
ferent magnetic structures makes no more sense, the increas-
ing investigation could improve our intuition about magnetic
helicity.
Most interesting topic in magnetic helicity study is the he-
licity transport between different magnetic ﬁeld regions and
the helicity conservation during reconnection. As we know,
the magnetic ﬂux rope is the direct production of multiple X-
line reconnection process in the background magnetic ﬁelds
(Lee, 1995; Slavin et al., 2003). But retrospecting the ori-
gin of the magnetic helicity in the plasma sheet ﬂux rope, we
must consider the role of the interplanetary magnetic ﬁelds
(IMF). Cowley (1981) argued that IMF By component can
be mapped to the plasma sheet by the process such as mag-
netic reconnection at the magnetopause and shear the mag-
netic ﬁelds in the northern and southern plasma sheet. It is
just the appearance of the y-components of magnetic ﬁelds
in the plasma sheet that favor the production of the ﬂux rope.
So essentially, the helicity in the ﬂux rope originates from the
IMF-geomagneticﬁeldsinteractionwhichisthebeginningof
a series of changes in the magnetospheric ﬁelds. The helic-
ity is transported during these changes and the helicity of the
plasma sheet ﬂux rope is an important phase of the cascade
of magnetic helicity in the magnetospheric system. From
the calculation of the helicity of the ﬂux rope in the plasma
sheet, we can partially learn the information about the he-
licity (topology characteristics) of the other magnetospheric
ﬁelds, especially the plasma sheet ﬁelds. That work needs
more observations than presented here, but we still have a
discussion in theory. In the process of multiple X-line recon-
nection, the magnetic ﬁeld relaxes the magnetic energy to
the conﬁguration with a minimum energy state (for example
the force-free ﬂux rope), often called the Taylor state (Tay-
lor, 1974). Also Taylor (1986) and Berger and Field (1984)
point that magnetic helicity is approximately conserved dur-
ing magnetic reconnection though the conﬁguration of mag-
netic ﬁeld change. In the ﬂux rope case here, the conﬁgu-
ration changes from the sheared ﬁelds in the plasma sheet
before reconnection to the helical ﬁelds in the ﬂux rope af-
ter reconnection. The sheared ﬁelds in the plasma sheet bear
the mutual-helicity, while the ﬁelds in ﬂux rope bear self-
helicity. So the mutual-helicity of the sheared ﬁelds is trans-
formed to the self-helicity in the ﬂux rope in part and to
the helicity beared by the other ﬁelds around the ﬂux rope
through multiple X-line reconnection. Due to the limitation
of observation, what proportion the helicity in ﬂux rope oc-
cupies in the total helicity in plasma sheet can not be deter-
mined. But this work has a forward step to the investiga-
tion of the magnetic helicity of the ﬂux rope which is closely
related to the conﬁguration of the plasma sheet ﬁelds and
multiple-X line reconnection there. The multiple-X line re-
connection in the plasma sheet relaxes the magnetic energy
and changes the magnetic connectivity, while this progress
also can be seen as the helicity redistribution in the plasma
sheet as discussed by Wright and Berger (1989). In aspects
of understanding the complicated structure of the magnetic
ﬁeld, the magnetic helicity is as vigorous as other physical
parameters such as energy and ﬂux. Combined with more
future observations, our results can give more information in
investigating the complexity of the ﬁelds in the ﬂux rope and
the background ﬁelds.
Further application of this helicity calculation to the pop-
ulation of plasma sheet ﬂux ropes will give us the previously
unknown knowledge about the ﬁelds with different structure,
i.e., force-free vs. highly non-force-free ﬂux ropes. When the
ﬂux ropes move earthward or tailward, the effect of the he-
licity in them on near-Earth region or deeper space (Moon?)
add more signiﬁcance behind the single calculation of the
helicity. Additionally the helicity analysis also serves as a
diagnostic tool to the magnetic reconnection (Wiegelmann
and B¨ uchner, 2001).
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